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Abstract 



The entanglement entropy associated with a spatial boundary in quantum field the- 
ory is UV divergent, with the leading term proportional to the area of the boundary. 
For a class of quantum states defined by a path integral, the Callan-Wilczek formula 
gives a geometrical definition of the entanglement entropy. We show that, for this 
class of quantum states, the entanglement entropy is rendered UV-finite by precisely 
the counterterms required to cancel the UV divergences in the gravitational effective 
action. In particular, the leading contribution to the entanglement entropy is given 
by the renormalized Bekenstein-Hawking formula, in accordance with a proposal of 
Susskind and Uglum. We show that the subleading UV-divergent terms in the en- 
tanglement entropy depend nontrivially on the quantum state. We compute new 
subleading terms in the entanglement entropy and find agreement with the Wald en- 
tropy formula for black hole spacetimes with bifurcate Killing horizons. We speculate 
that the entanglement entropy of an arbitrary spatial boundary may be a well-defined 
observable in quantum gravity. 



1 Introduction 



The discovery of Hawking radiation established that black holes are thermal objects 
[l] : a system containing a black hole obeys the laws of thermodynamics if we associate 
to the black hole an entropy given by the Bekenstein-Hawking formula (in D spacetime 
dimensions) 

S Bil = \M°~ 2 A D _ 2 , (1.1) 

where Ad_ 2 is the (D — 2)-dimensional area of the horizon, and Mp is the Planck 
mass [2]-^]. It was first suggested by Sorkin |5| that the entropy of a black hole could 
be identified with the entanglement entropy 

S cnt = -Tr(p hip) (1.2) 

associated with the reduced density matrix p of the quantum fields outside the hori- 
zon. Sorkin also pointed out that the leading contribution to this entropy was UV 
divergent and proportional to the area. These ideas were further developed and ex- 
plicit calculations of entanglement entropy in quantum field theory were carried out 
in Refs. [6j[7] and for the case of black holes in Ref . [8] . It was proposed by Susskind 
and Uglum [9] that the UV divergences in the area term of the entanglement en- 
tropy could be absorbed in the renormalization of the gravitational coupling so that 
the Bekenstein-Hawking entropy of a black hole can be understood as entanglement 
entropy. (See also Ref. [To].) This led to a large amount of work that appeared 



to confirm the proposal in some cases but not in others 11 18 . We will comment 
further on the literature after we have stated our results. 

The entanglement entropy is defined by a quantum state and an entangling sur- 
face, both of which are defined on a time slice £ in spacetime. If the quantum 
state is given by a path integral, then the entanglement entropy is defined by the 
geometry of the spacetime and the codimension-2 entangling surface. In this setting 
there is a beautiful geometric formulation of entanglement entropy due to Callan and 



Wilczek 11 . The entanglement entropy can be written in terms of the response of 



the quantum effective action to a conical singularity at the entangling surface: 

S en t = - lim (2n^- + 1 ) W E ,s, (1.3) 



5^0 \ dS 

where 5 is the deficit angle associated with the conical singularity, and We,s is the Eu- 
clidean quantum effective action in the presence of the conical singularity. This result 
holds for spacetime geometries with a rotation symmetry that leaves the entangling 
surface invariant since only for these geometries is the conical deficit characterized 
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completely by a deficit angle 5. In Lorentzian signature these spacetimes have a boost 
symmetry that leaves the entangling surface invariant, that is, a bifurcate Killing hori- 
zon in which the bifurcation surface is the entangling surface. The Callan-Wilczek 



formula Eq. (1.3) is conventionally justified by continuing Tr(p n ) from integer n (the 
"replica trick" ). This is difficult to justify rigorously since there are analytic functions 
such as sin(ri7r) that vanish for all integers. We give a path integral derivation of the 
Callan-Wilczek formula for rotationally symmetric metrics that does not rely on the 
replica trick. 



Eq. (1.3) implies that all UV divergences of the entanglement entropy are associ- 
ated with UV divergences of the gravitational effective action We,s on the spacetime 
with a conical singularity. Because this spacetime is singular, We,s has UV divergences 
that are not present in the gravitational effective action for smooth spacetimes. That 
is, we have 



spacetime 



J {c A D + c 2 A D ~ 2 R D + ---) 



+ j (c' A D - 2 + c' 2 A D ~*R D _ 2 + ■ ■ ■ ) 



entangling 
surface 



where A is the UV cutoff, Rr, and Rd-2 are the Ricci scalars of the D-dimensional 
spacetime metric and the (D — 2)-dimensional induced metric on the entangling sur- 
face, and A is understood to mean In A. We can think of the entangling surface as a 
codimension-2 brane in spacetime, and the additional UV-divergent terms localized 
on the brane are a consequence of the fact that such a brane modifies the theory in 
the UV. One of the main results of this paper is that the UV divergences of the en- 
tanglement entropy are nonetheless independent of the brane-localized UV-divergent 
terms. The reason is that the latter arise only at 0(5 2 ) while the entanglement en- 
tropy depends only on the 0(5) terms. These results are established using a careful 
regularization of the singular conical spacetime. 

The leading UV-divergent term in the entanglement entropy arises from the Einstein- 
Hilbert term c 2 A d ~ 2 Re> in the gravitational effective action. This generates the UV- 
divergent area term in the entanglement entropy: 

Sent = -AtXC 2 A D - 2 A D ^ 2 + ■■■ . (1.5) 

The coefficient of R(g) in the Euclidean gravitational effective action is —Mp~ 2 /16ir, 



so Eq. (1.5) is precisely +| times the UV-divergent contribution to Mp 2 A D _ 2 . More 
generally, for any .D-dimensional local term in the gravitational effective action, there 
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is a corresponding contribution to the entanglement entropy, and we give an algorithm 
for computing it. These results hold for any spacetime dimension, to all orders in 
perturbation theory, and for all subleading as well as leading UV divergences. They 
hold for a general quantum field theory coupled to a background metric but not for 
quantum fluctuations of the metric itself. This restriction arises because we do not 
have a satisfactory generally covariant regulator for the conical singularity in the 
presence of quantum fluctuations of gravity. 

Another restriction is that the results are established only for the special class of 
spacetimes discussed above. This is equivalent to considering a special class of quan- 
tum states. In order for the spacetime without the deficit angle to be non-singular, 
the entangling surface must have vanishing extrinsic curvature in the time slice S. 
These restrictions mean that we cannot treat some cases of interest, such as the vac- 
uum state with a nontrivial entangling surface. For black holes the only quantum 
state to which our methods apply is the Hartle-Hawking state. These limitations are 
closely related to the problem of defining entanglement entropy for a general space- 
time metric. Generalizing our methods to overcome these restrictions is an important 
open problem. 

Our results show that the UV-divergent area term is independent of the quantum 
state of the system. We argue that this is true beyond the special class for which the 
entanglement entropy is computed by the Callan-Wilczek formula. Our results there- 
fore fully confirm the Susskind-Uglum proposal, except that we have not established 
it for fluctuations of gravity itself. 

We show by explicit calculation that the subleading UV-divergent terms in the 
entanglement entropy depend nontrivially on the quantum state. This can be seen 
from the fact that these subleading terms depend on geometrical invariants that are 
not intrinsic to the time slice S on which the quantum state is defined. The spacetime 
geometry away from S determines the quantum state, so this represents dependence 
on the quantum state. It is a familiar feature of quantum field theory that subleading 
UV divergences can depend on infrared physics. For example, in the presence of a 
particle with mass m, the cosmological constant in D = 4 spacetime dimensions will 
have UV-divergent contributions of the form ~ A 4 + m 2 A 2 + m 4 lnA. It seems that 
this dependence of subleading UV-divergent terms in the entanglement entropy on 
the quantum state has not been appreciated in the literature. 

When we add local D-dimensional counterterms to cancel the UV divergences in 
the gravitational effective action, the results above imply that Eq. (1.3) gives a finite 
result for the entanglement entropy. The leading area term in the entanglement 
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entropy is then given by the Bekenstein-Hawking formula 

5 ent = \M°~ 2 A D _ 2 + • • • , (1.6) 

where Mp is the renormalized Planck scale. If the quantum field theory is an effective 
theory obtained by matching to some more fundamental theory above the cutoff 
A, then the counterterms are determined by requiring that the predictions of the 
effective theory agree with those of the fundamental theory. Physical quantities are 
independent of A in the effective theory simply because A is an arbitrary matching 
scale. The corresponding counterterms for the entanglement entropy are therefore 
similarly interpreted as contributions to the entanglement entropy from correlations 
of the modes above the cutoff A. 

This interpretation largely removes the objections raised in the literature to the 
identification of black hole entropy with the entanglement entropy of the horizon. 
These objections have mainly focussed on the UV-divergent contribution to the area 
term in the entanglement entropy, which has unphysical properties if it is inter- 
preted as the total entanglement entropy. For example, in scalar field theory the 
UV-divergent contribution to the entanglement entropy depends on the curvature 



coupling 7j!;R(g)& 2 13 [15 , 17 19 20 . In theories with vector fields, it may be neg- 



ative due to unphysical "surface contributions" 16 18 20 . All calculations with a 



generally covariant regulator agree that the UV-divergent terms in the entanglement 
entropy match those of the gravitational coupling. (For example, this implies that the 
renormalized entanglement entropy defined above is independent of the curvature cou- 
pling.) For quantum fluctuations of gravity, the absence of a satisfactory regulator for 
the conical singularity does not permit an unambiguous result for the entanglement 



entropy 18,21 . In the effective field theory interpretation the regulator-dependent 
area term in the entanglement entropy is by itself unphysical. The renormalized en- 
tanglement entropy includes counterterms that account for the correlations of modes 
above the cutoff A and is free from unphysical features. For example, the leading area 
term is positive in any theory that gives the physical sign for the Einstein-Hilbert term 
in the gravitational effective action. 

If the entangling surface is the horizon of a black hole, then the area term in 
the entanglement entropy is the Bekenstein-Hawking entropy, which is the leading 
contribution to the thermodynamic entropy of the black hole. It is natural to ask 
whether the subleading terms in the renormalized entanglement entropy for black 
holes are also physically meaningful. We therefore compare the renormalized entan- 
glement entropy with the Wald entropy formula for a black hole in a gravitational 
theory with higher-dimension interaction terms in the action 22 . The Wald entropy 
is the thermodynamic entropy for classical dynamics governed by the gravitational 
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effective action. The comparison between entanglement entropy and Wald entropy 
therefore makes sense when the gravitational effective action is obtained by integrat- 
ing out heavy modes, and the only massless mode is gravity itself. In this case the 
long-wavelength dynamics of the black hole are governed by the gravitational effec- 
tive action in a derivative expansion. Previous results found agreement between the 
entanglement entropy and the Wald entropy for terms in the effective action that 



are algebraic functions of the Riemann tensor 23 , 24 . We compute contributions 
to the entanglement entropy arising from gravitational interaction terms of the form 
(V ^Rypar) 2 , and we find that they agree with Wald entropy only if we invoke the 
no-hair theorem for the lowest order equations of motion. It is plausible that the 
agreement persists to higher orders in the derivative expansion, but this remains an 
open question. 

Finally, we offer some speculations based on the results above. With some im- 
portant limitations, we have established that the gravitational effective action defines 
a renormalized entanglement entropy. The limitations are that the result does not 
apply to fluctuations of gravity itself and only holds for special classes of entangling 
surfaces and of quantum states. We find it plausible that our results can be general- 
ized to remove these limitations. If this proves to be the case, then it would suggest 
that entanglement entropy is a well-defined observable in a complete theory of quan- 
tum gravity for any entangling surface, with the leading contribution given by the 
Bekenstein-Hawking formulafj] It is believed that, in a complete theory of quantum 
gravity, there is a minimum length that can be physically probed. Entanglement 
entropy is UV divergent in quantum field theory due to the presence of correlated 
modes with arbitrarily short wavelengths. In a theory with a fundamental length, 
it is therefore natural for the entanglement entropy to be finite. Further evidence 
for this point of view comes from the holographic entanglement entropy formula of 
Ryu and Takayanagi [25], which applies to entangling surfaces that are more general 
than black hole horizons. On the other hand, the concept of spacetime (and hence of 
a spacetime boundary) is presumably an emergent concept in a theory of quantum 
gravity. Even in perturbative string theory it is not clear how to define an entangling 
surface without introducing physical states on the surface (for example, D-branes). 
The generalized conjecture formulated above can be studied in spacetime geometries 
much simpler than that of a black hole, for example, flat spacetime with a planar en- 
tangling surface. Further work on this question is clearly motivated. This conjecture 



has been recently discussed in Ref. 26 



1 We thank R. Myers for encouraging us to think about the interpretation of our result for general 
spacetimes. 
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The remainder of this paper is organized as follows. In £j2] we give a general dis- 
cussion of the entanglement entropy in quantum field theory in a gravitational back- 
ground and identify the geometries and quantum states for which the entanglement 
entropy is given by the Callan-Wilczek formula. In §[3] we discuss the regularization 
of the conical singularity and prove our main result. In £|4]we discuss the implications 
and limitations of our results and suggest directions for future work. 

2 Entanglement Entropy and Conical Spaces 

We begin with a discussion of entanglement entropy in a general quantum field theory 
in a background spacetime geometry. We identify spacetime geometries and quantum 
states for which we can justify the Callan-Wilczek formula, thereby giving a geometric 
definition of the entanglement entropy. 

2.1 Geometrical Formulation 

The entanglement entropy is defined within a quantum field theory for a time slice 
E, a quantum state on S, and an entangling surface Q that divides E into two parts 
E A and E B . We are interested in the reduced density matrix p A that describes 
correlation functions of fields on E A - We can give a geometrical definition of pa 
using a path integral for a special class of quantum states on E. We denote the 
spacetime quantum fields by $ and their restriction to the time slice T, a ,b by 4>a,b- 
The correlation functions of the fields 4>a is then given by a path integral (continued 
to Euclidean time) 

(<PA1 ■ ■ ■ <t>An) = J d[^} e- S ^ <f>Al--- <pA2 = Tr( PA A1 ■ ■ • <f>A2), (2.1) 

where 

(<P'a\ P a\<Pa) = J d[M I rf[$]e- 5E [*l. (2.2) 

*(0-)=(<?Wa) 
$(0+)=(<?Wa) 

That is, the density matrix is defined by performing the path integral over fields in 
all of spacetime except E A , with suitable boundary conditions on $ above and below 
E A . (See Fig. §) 

We now consider the conditions under which this path integral computes the 
reduced density matrix p A in a pure quantum state on E. We define a quantum state 
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Fig. 1. Definition of fields for the Euclidean path integral defining the 
density matrix Eq. (2.2) and the quantum states Eqs. (2.4) and (2.6). 



I*) on E by 



lim lim 

e->0 T->oo 



(0|*7(O, -T(l + ie))|<&) 



-5 E [*< 



(2.3) 
(2.4) 



*<(r=0)= 



where the time slice £ is at r = 0. The path integral is over fields $< defined for 
r < 0. (See Fig. hj) Similarly, we can define a ket state (\I>| by 



W> = lim lim d[4 f ] (<j> f \U(T(l + ie),0)\<l>) 



(2.5) 
(2.6) 



$>(t=0)=<£ 



If l^) = then the path integral Eq. (2.2) computes the reduced density matrix 
corresponding to the pure state This follows if 



U(T, 0) = U^O, — T) = U{-T, 0), 



(2.7) 



which requires the metric to have a reflection symmetry about t = 0. One can treat 
more general time slices and quantum states in the path integral using the Schwinger- 



Keldysh formalism 27, 28 , but we will not discuss that here. 



2.2 Entanglement Entropy from Conical Geometry 
We now turn to the entanglement entropy 

S^t = -Tt(pa^Pa) (2i 



associated with the reduced density matrix p^ given by Eq. (2.2). We show how to 
derive the Callan-Wilczek formula for this entropy for a large class of spacetimes. 



7 



We begin with the simplest case, that of flat spacetime with a planar boundary. 
We write the metric in Euclidean space as 

ds% = dr 2 + dz 2 + S^dtfdyl, (2.9) 

where 5y is a flat metric for the remaining D — 2 directions. The time slice S is the 
r = surface, and the entangling surface is at z = 0. We can write this as 

dsl = dr 2 + r 2 d6 2 + S^dy'dy* . (2.10) 



where r = rsin# and z = rcosO. The path integral in Eq. (2.2) can be thought of 
as summing over complete sets of field configurations on a sequence of half-planes 
labelled by 9. We are thus using 9 as a Euclidean time variable. The Hamiltonian K 
generating evolution in 9 is then the generator of rotations in 9. Because the system 
is invariant under translations in 9, K is independent of 9, and we have 

PA = e~ 2 - K . (2.11) 



The preceding argument follows the discussion of Ref. 29 . 

These results have a well-known physical interpretation when continued back to 
Minkowski spacetime. Taking 9 — >■ irj gives the flat spacetime metric in the form 

ds 2 = -r 2 dr] 2 + dr 2 + S^dy'dy*. (2.12) 

The Hamiltonian K now generates translations in rj, which are boosts about the 
entangling surface r = 0. The reduced density matrix is therefore thermal with 



Hamiltonian given by the boost generator in Minkowski spacetime 30 31 . For con- 
stant acceleration observers traveling on trajectories of constant r and y l , the boost 
parameter is proper time, so these observers see a thermal excitation of the quantum 



field theory, the Unruh effect 32 



We can now write the entanglement entropy as 11 

S ent = Jim (| + l) lnTr(p^) = InTr(p) - (2.13) 

The right-hand side is equal to the entanglement entropy for Tr(p) = 1 and is in- 
dependent of rescaling of p, which is equivalent to a rescaling of the Euclidean path 
integral measure. We can therefore compute Tr(p 1_e ) by a Euclidean path integral in 
which field configurations at 9 = and 9 = 2tx{1 — e) are identified. This is equiva- 
lent to the Euclidean path integral for the theory in which the metric has a conical 
singularity at the origin with a deficit angle 5 = 2ire. We then have 

Tr(p x - e ) = T ie -(^- s ) K = Jd[$]e- SE - s[ * ] = e~ w *> s , (2.14) 
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Fig. 2. Coordinates for boost invariant spacetime. The arrows show the 
orbits of the boost symmetry, and the shaded region corresponds to k = 
U 2 -V 2 > 0. 



where We,s is the Euclidean effective action on the conical space. This gives 

S cnt = - lim ^2tt^ + 1^ W E ,s, (2.15) 

which is the formula of Callan and Wilczek. The conventional derivation of this 
result uses the analytic continuation of Tr(p ra ) to non-integer n (the "replica trick"). 
The present discussion gives a derivation that avoids the need for this continuation. 
The result is, however, formal because the Hamiltonian K is singular at r = 0. 
Correspondingly, the path integral for We,s is over a space with a conical singularity 
at r = that requires regularization in addition to the usual UV regularization of the 
quantum field theory. This will be discussed in detail below. 

The preceding discussion can be generalized to spacetime metrics with a boost 
symmetry about the entangling surface]^] For such a spacetime we can write the 
metric in the Kruskal-like form 

ds 2 = uj 2 (K,y) (-dV 2 + dU 2 ) + % j (K } y)dy i dy j , (2.16) 

where 

k = U 2 - V 2 . (2.17) 

The entangling surface is at U = V = 0, and (V, U) transforms as a Lorentz vector 
under boosts. This metric has a bifurcate Killing horizon for the boost symmetry at 

2 We thank R. Myers for pointing out the importance of the rotational/boost symmetry in this 
context. 
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V = ±U. (See Fig. [2j) This class of metrics includes many nontrivial spacetimes of 
interest, such as black hole spacetimes and de Sitter space. 

We can continue this metric to Euclidean space by writing V — > iT and defining 

U = Rcos9, V = Rsm8, (2.18) 

where 

R =y f^= y/jp + T 2 > o. (2.19) 

The resulting Euclidean metric is then 

dsl = oo 2 (R\y)(dR 2 + R 2 d6 2 ) + -f ij (R 2 ,y)dy i dy j , (2.20) 

where the entangling surface is at R — 0. We find it more convenient to write the 
metric as 

ds 2 E = dr 2 + p 2 (r, y)d6 2 + 7ij (r, y)dy i dy j . (2.21) 

For each 9 = constant slice we are using Gaussian normal coordinates (r, y) for the 
entangling surface at r = 0. The function p(r,y) gives the circumference of the 9 
orbit that passes through the point (r, y) on a 9 = constant slice. Gaussian normal 
coordinates may break down far from the r = surface, but we will see that the 
UV-divergent contributions to the entanglement entropy are sensitive only to the 
structure of the spacetime geometry near r = 0. 



In order for the metric Eq. (2.21) to be nonsingular at the entangling surface, we 
must have p(r, y) ~ r as r — > 0. To write the conditions on p(r, y), it is convenient to 
define 

p(r,y) = ra(r,y). (2.22) 

The conditions are then 

a\ = l, <9 r "V|=0, m = 1,3,5,..., (2.23) 

9 r n 7iil=0, n = 1,3,5,..., (2.24) 

where | denotes evaluation at r = 0. Note that these conditions hold for arbitrary 
y so that, for example, <9j(x| = 0. The extrinsic curvature tensor of the entangling 
surface in the time slice £ is Kij = d r jij\, so we see that this is required to vanish. 
The need for the higher r derivatives to vanish can be understood from requiring that 
\3 p R(g) is nonsingular at r = for all p. 



The derivation of the Callan-Wilczek formula Eq. (2.15) proceeds exactly as above 
for the more general metric Eq. (2.21) since the rotation symmetry guarantees that 
the Hamiltonian K generating rotations in 9 is independent of 9. If there is no 
rotational symmetry, then we can define K by Eq. (2.11), but then K is a non-local 
operator, and p 1_e cannot be computed by simply restricting the range of the angular 
"time" evolution. 
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2.3 Flat Spacetime 



The path integral in flat spacetime defines the vacuum state, which is a very natural 
quantum state to study. The entanglement entropy in the vacuum has a nontrivial 
dependence on the geometry of the entangling surface that gives an interesting ob- 
servable for general studies of quantum field theory. For example, for conformal field 
theories the logarithmically divergent terms in the entanglement entropy for spherical 



entangling surfaces in D = 4 are related to conformal anomalies 33 35 . However, 
boosts in flat spacetime can only leave invariant a flat plane, so the framework de- 
scribed above can only describe a trivial entangling surface in the vacuum state. 

2.4 Global Schwarzschild Spacetime 

Another interesting special case is the quantum state defined by a path integral in 
the maximally extended Schwarzschild solution. We illustrate this for D = 4, where 
the metric is given in Kruskal-Szekeres coordinates by 

ds 2 = ^e-^^ (-0IV 2 + dU 2 ) + r 2 s dn 2 , (2.25) 

where dfl 2 is the metric of S 2 , Rs = 2GM is the Schwarzschild radius, and rs is the 
standard Schwarzschild radial coordinate, given in these coordinates by 

U 2 -V 2 = (^-l)e rs/Rs . (2.26) 



R, 



s 



Continuing to Euclidean space and writing the metric in the form of Eq. (2.20), we 
obtain 

ds l = ^e-rs/Rs ( R 2 dd 2 + dR 2j + 2^2 ^ 2?) 

rs 

We can change coordinates to put this in the form 

d 8 % = a 2 {r)dr 2 + r 2 d9 2 + R 2 s a(r)dn 2 , (2.28) 

where 



These coordinates are different from those in Eq. (2.21), but they allow a simple 
explicit form of the metric. In these coordinates spatial infinity is at r = 2i?s, 
and the Euclidean "time" 9 is compact with a finite period 47ri?s at spatial infinity. 
The Euclidean path integral in this space therefore defines a thermal state with the 
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Hawking temperature Th = l/47ri?g at infinity, the Hartle-Hawking state. This is in 
accordance with the general result that any quantum state that is non-singular at the 
horizon must have thermal radiation at infinity 



The metric Eq. (2.28) is equivalent to the standard Euclidean Schwarzschild met- 
ric obtained by continuing t — > ir in standard Schwarzschild coordinates; however, 
the discussion here clarifies a number of points in the standard treatment. In our dis- 
cussion the Euclidean metric includes the time slice V = in physical spacetime, and 
it is clear that a path integral in this Euclidean space computes correlation functions 
of fields on this slice. Also, the periodicity in 9 is not imposed by hand but arises 
from the fact that the spacetime metric is smooth at U — V — 0. 

From the point of view of the path integral, there is no need for the spacetime 
geometry away from the time slice E to satisfy the equations of motion. What makes 
the quantum state defined by the Euclidean Schwarzschild metric special is that 
it is invariant under the time translation symmetry that corresponds to the boost 
symmetry in the (V, U) plane. This is the symmetry that makes the black hole static, 
so this is the natural thermal state. Other spacetime metrics that give the same 
induced metric on E define different quantum states that can be studied using path 
integral methods. 



3 Entanglement Entropy and the Gravitational Action 



In the previous section we showed that, for spacetimes of the form Eq. (2.21), the 



entanglement entropy can be computed from the gravitational effective action on a 
conical space using the Callan-Wilczek formula Eq. (2.15). The conical space is, 
however, singular at r = because the Hamiltonian K becomes singular there, so 
we must regulate the conical singularity to define Eq. (2.15). This is a UV regu- 



larization in addition to the usual UV regularization of short-distance modes of the 
quantum fields. In this section we give a careful discussion of the regularization of 
the conical singularity and use it to show that renormalizing the UV divergences of 
the gravitational effective action for non-singular metrics are sufficient to renormalize 
the entanglement entropy. 



3.1 Regulating the Cone 
We begin by describing the regulator for the conical space that we use. Regulated 



conical spaces were discussed in Ref. 24 , but we use a different regulator to prove 
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more general results. For the general metric Eq. (2.21) we make the replacement 

dsl -> dsl = dr 2 + p 2 {r,y) [1 - e/?(r)] 2 d6 2 + 7y (r, y)dy i dy\ (3.1) 

where 

Mr) = 6+(r) = lim 6(r - £). (3.2) 

£->0+ 

Derivatives of B + are distributions localized at the coordinate endpoint r = 0, so the 



limit £ — > 0+ is needed to define it precisely. In the metric Eq. (3.1 ) the circumference 
of a small circle of radius r is 27r(l — e)r, so this describes a space with deficit angle 
5 = 2ne. 



If we keep £ ^ 0, then the metric Eq. (3.1 ) is not continuous at r — £, so it may be 



objected that this is not a fully regulated metric. Only for smooth background metrics 
are we guaranteed that the UV divergences in the gravitational effective action are 
given by local D-dimensional terms. We define a smooth regulated metric by replacing 



0(r — £) in Eq. (3.2) by a smooth step function that varies on the scale £' <C £. We 
then take the limit £' — > followed by £ — > to remove the regulator. 

The fully smoothed metric gives the same result in this limit as the distribution 



Eq. (3.2) because the entanglement entropy depends on the terms in the gravitational 
effective action that are linear in e. These terms consist of one power of (derivatives 
of) /?(r) multiplied by a smooth function, which is well-defined. This gives the same 
result as the limit £' — > 0, £ — > in the fully smoothed metric. If we go beyond linear 
order in e, then the £' — > limit is singular because derivatives give terms of order l/£' 
that diverge as £! — > 0j^] These represent additional UV divergences in the effective 
action that can be cancelled by counterterms localized on the singular surface of the 



form Eq. (1.4) 



We write the UV-divergent terms in the gravitational effective action as 

W E ,s= fd D x^F(g), (3.3) 



where F{g) is a sum of local invariants constructed from the regulated metric and its 
derivatives. We then have 



S cat = - lim + l\ j d D x T{g) 

= -^JdPx^g^F(jg). (3.4) 



3 To obtain the A dependence of the entanglement entropy we must take the limit £' —> 0, i — > 
with A held fixed. This is particularly clear in an effective field theory where the cutoff scale is 
identified with the physical mass of a heavy particle. 



13 



We see that the entanglement entropy depends only on the 0(e) terms in the geo- 
metrical invariant J 7 . 



3.2 The Conical Limit 



We now carefully consider the £ — > limit of Eq. (3.4). We show that an arbitrary 
curvature invariant J 7 yields a contribution to the entanglement entropy given by an 
integral over the entangling surface of a well-defined geometrical invariant constructed 
from J 7 . 

In order to work with well-defined tensor quantities, we write the unperturbed 
metric as 

9 /iv = n^n u + £ M f„ + 7^, (3.5) 

where 

n r = 1, ng — 0, rii = 0, (3.6) 
£. = 0, & = p, & = 0, (3.7) 

and 7 M „ is nonzero only for the i,j components. Here, £ M is the Killing vector asso- 
ciated with the rotational symmetry about the entangling surface and satisfies the 
Killing equation 

+ V„f„ = 0. (3.8) 
The perturbed metric can then be written as g^ = g^ + h^ u with 

V = -2e/3^ + 0(e 2 ). (3.9) 

This shows that is a scalar with respect to the unperturbed metric. We can therefore 



write Eq. (3.4) in terms of covariant derivatives of (3: 

/oo 
n=l 



The n = term with no derivatives acting on (3 is absent in Eq. (3.10) because for 
= constant the perturbation is a rescaling of the 9 coordinate, which does not affect 
the value of the invariant J 7 . (In the r integral with (3 = constant, we are effectively 



integrating over the space with r = removed.) We can then integrate Eq. (3.10) by 
parts to write it as an integral over the first derivative of (3: 

Sent = ~ (3-H) 
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where 

f» = T»- v i/ J-^ + ... . (3.12) 
Using = (with (3' = d r (3) we have in our coordinates 

Sent = -27T jd D ~ 2 y^ jT~ ' drpP'{r)I[F\ (3.13) 

= -2tt fd D - 2 y^ limpid], (3.14) 

where 

= n M >. (3.15) 



We have used /3(r) = + (r) only in the last step of Eq. (3.14). To see that the r — > 



limit in Eq. (3.14) is well-defined, note that the r integral in Eq. (3.13) must converge 
at r = if we replace /3 by a smooth function with /?' = constant. We can expand 
/[J 7 ] in a power series in r, so this implies that 

I{r) = - + I + O{r). (3.16) 
r 

Because p(r, y) = r + 0(r 3 ), we have our final result 

Sent = -2tt Jd D - 2 y^h[F}. (3.17) 

This gives a general algorithm for computing the entanglement entropy, which can 
be summarized as follows. We define the invariant I [J 7 ] by writing the 0(e) term in 
J 7 as /3'(r)I[J-] using integration by parts. We then expand /[J 7 ] in powers of r, and 
the entanglement entropy density is given by — 2n times the 1/r term in /[J 7 ]. 

The fact that the entanglement entropy can be computed from the gravitational 
effective action without additional UV divergences localized on the conical singularity 
is one of the main results of this paper. Let us reiterate the logic of the argument. 
We first replace the singular conical metric with a smooth metric for which all UV di- 
vergences in the gravitational effective action are associated with local D-dimensional 
terms. We then consider the limit in which we recover the singular metric, and we 
show that the terms contributing to the entanglement entropy are well-defined and 
finite. This demonstrates that no additional counterterms are required to define the 
entanglement entropy. 

3. 3 Calculations 

We now perform some calculations using the results above. The leading UV-divergent 
term gives rise to the Bekenstein-Hawking entropy and is independent of the quantum 
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state. We show that the subleading UV-divergent terms in the entanglement entropy 
depend nontrivially on the quantum state. 



The perturbed metric Eq. (3.1) is obtained by making the replacement p — > (1 — 
e/3)p in Eq. (2.21), so we can compute all curvature invariants from this metric. The 
nonzero components of the Riemann tensor are 

RrOrd = —pp" 

Rr66i — Pdip' 

Rt)i.t)i = 



\pi[ 3 l 3k d kP 



Rrirj 



_1 // _|_ 1 kt I I 



i.) 



Rrijk ~ 

Rum = Rijkiii) - \ [iikiji - iuijk] 



(3.18) 
(3.19) 
(3.20) 
(3.21) 
(3.22) 
(3.23) 



and those that can be obtained from the ones above using the symmetries of the 
Riemann tensor. Here, a prime denotes differentiation with respect to r, and is 
the covariant derivative with respect to the metric 7^. 

We use these result to compute the contribution to the entanglement entropy 
arising from various terms in the gravitational effective action. We first consider the 
UV-divergent Einstein-Hilbert term in the Euclidean gravitational effective action in 
D dimensions: 



d D x^c 2 A u - 2 R(g) + -- 



D-2 



The Ricci scalar in the regulated metric Eq. (3.1) is 



R(g) = R(g) + e 



P 



+ 0W« + 2/3" 



+ 0(e 2 



Following the procedure derived in the previous subsection, we obtain 

h[R]=2. 



(3.24) 



(3.25) 



(3.26) 



Here, we used the conditions Eqs. (2.23) and (2.24) to expand the solution about 
r = 0. We then obtain 



AS, 



cut 



-2tt Jd D - 2 y^2c 2 A D ~ 2 = -4ttc 2 A 



D-2 a 

Ad-2, 



(3.27) 



where Ad_2 — fd D 2 y^/ 7 ) is the area of the entangling surface. 

To obtain a finite gravitational effective action, we add to the action the coun- 
terterm 



AWv 



D-2 
PO 



167T 



d D x^R(g), 



(3.28) 
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where Mp is the bare Planck mass. As discussed in the introduction, this is in- 
terpreted as parameterizing the contribution of the modes above the cutoff. The 
renormalized Planck mass is then given by 



Mp = Mp - l6nc 2 A u -. (3.29) 

In this case the contribution to the entanglement entropy from the Einstein-Hilbert 
term is finite and given by the renormalized Bekenstein-Hawking formula 

S ent = +\M°~ 2 A D _ 2 + ■■■ (3.30) 

We now consider the subleading UV-divergent terms in the gravitational effective 
action: 

AW E = J d D x^g [ Ciil A D - 4 R 2 (g) + c 4 , 2 A^ 4 i^ + c^K^R^ + ■••]. (3.31) 

We use the above results to compute the invariant h[J-] for the curvature-squared 
invariants, obtaining 

h[Rl vpa } = Sp {3 \ (3.32) 

h[Rl] = -2 [2p< 3 > + 7 y 7&] . ( 3 - 33 ) 
h[R 2 ] = -8 [p^ + 7 «7j - 1J2( 7 )] . (3.34) 

It should be remembered that the right-hand sides of these equations are evaluated at 



r = 0. These results agree with Eqs. (3.27)-(3.29) of Ref. 24 , which were computed 
with a different regulator for the conical spacej^] This calculation can be generalized 
to an arbitrary function containing no covariant derivatives acting on the Riemann 
tensor. The result can be written in the covariant form 



I\\J~{Rpvpcr)\ an (PppPua PpaPvp, 

v**i<pvptj 



(3.36) 

r=0 



where P^ v is the metric in the space perpendicular to the entangling surface, that is, 

P rr = 1, Pee = p\ (3.37) 



4 Another check of these results is that, for the Euler term E4 = i?^ !ypcr — 4i?^ + R 2 in D = 4, 
we obtain 

h[E 4 \=AR{ 1 ). (3.35) 

E4 is a topological term, and the topology of the manifold is R 2 x X, so the Euler density must 
vanish if X = R 2 . Ii[E 4 ] must therefore be a D — 2 topological term, which is indeed the case. 
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with all other components vanishing. In using this relation it is important to take 
into account the symmetries of the Riemann tensor so that, for example, 

' ■ = \(9 w 9 va -gr9 vp )- (3-38) 



It is easily seen that the results Eqs. (3.32)-(3.34) for the subleading UV-divergent 



terms in the entanglement entropy cannot be expressed in terms of the intrinsic 
geometry of the time slice S, which is independent of p(r,y). The entanglement 
entropy is defined by the geometry of S, the entangling surface in S, and the quantum 
state. The quantum state is determined by a path integral and therefore depends 
on the full spacetime geometry. The dependence of the entanglement entropy on 
geometrical invariants that are not intrinsic to E therefore represents dependence 
on the quantum state. We conclude that the subleading UV-divergent terms in the 
entanglement entropy depend nontrivially on the quantum state. 

The fact that the subleading UV divergences depend on low-energy quantities 
should not be surprising. Just from dimensional analysis, subleading UV divergences 
can depend on IR mass scales. For example, the cosmological constant in D = 4 has 
the UV-divergent contributions ~ A 4 + A 2 m 2 + m 4 lnA, where m is the mass of a 
particle. As this example shows, it is only the leading UV divergence that is expected 
to be independent of IR scales. 

Based on these considerations, we expect that the area term in the entanglement 
entropy does not depend on the quantum state. The results above show that this is 
indeed the case for those quantum states that can be obtained from a path integral in 



the class of spacetimes described in §2.2| We expect this universality of the area term 
to hold much more generally. The leading UV divergence of the entanglement entropy 
arises from the growth of the density of eigenvalues of pa at short wavelengths, and 
we expect the leading behavior of this to be independent of the quantum state as 
long as the state does not involve excitations at arbitrarily short wavelengths. 

3.4 Wald Entropy 

It is interesting to compare the renormalized entanglement entropy computed here 



with the general entropy formula of Wald 22 . The Wald entropy formula holds for a 



gravitational theory with arbitrary higher-dimension interaction terms and for met- 
rics with a bifurcate Killing horizon, precisely the setup for which the entanglement 
entropy is given by the Callan-Wilczek formula. The Wald entropy formula addition- 
ally requires that the metric is a stationary point of the gravitational effective action, 
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while the entanglement entropy does not require this. Wald entropy is a thermody- 
namic entropy in the sense that the (classical) laws of black hole thermodynamics 
hold for this entropy. Agreement between Wald entropy and entanglement entropy 
is therefore an indication that entanglement entropy explains the thermodynamic 
entropy of black holes. 

It is known that, if the gravitational effective action is an algebraic function of 
the Riemann tensor, entanglement entropy and Wald entropy agree for general met- 
rics 23 24 . Our results allow us to extend this comparison to terms that involve 
derivatives of the Riemann tensor. 

It makes sense to compare entanglement entropy and Wald entropy when the 
gravitational effective action is obtained by integrating out heavy particles, and the 
only massless degrees of freedom are those of the metric. In this case the terms in 
the action with additional derivatives parameterize small corrections that are treated 
perturbatively in a derivative expansion. The lowest-order terms in the derivative 
expansion that involve derivatives of the Riemann tensor are 0(<9 6 ) terms of the form 
(V-R) 2 . As an example we consider the term 

AW E = jd D x s /g{V tl R vpaT f. (3.39) 

We will compute the entropy associated with this term for a D = 4 metric of the 
form 

dsl = dr 2 + p 2 (r, ip)d9 2 + X 2 (r, if>) [dip 2 + sin 2 ipdcp 2 ] , (3.40) 

where the factor in square brackets is the metric for S 2 . Using the results above, we 
find for the entanglement entropy 

ASc„t = 2tt Jd 2 yVlf [(P (3) ) 2 -P (5) ] • (3-41) 

The Wald entropy can be computed using the results of Ref. |23|. We obtain 

ASwaid = + 2tt J d 2 y ^ 8D™ , (3.42) 

where is the Laplacian in the (ip, <p) space. We see that the results do not agree 
for general metrics. 

This discrepancy is not the end of the story, however, since the Wald entropy 
formula requires that the metric be a solution to the equations of motion. The leading 



contribution to the entropy from the term Eq. (3.39) is 0(<9 6 ) and can be simplified 
by imposing the lowest-order equations of motion, namely R^ u = 0. In this case the 
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standard no-hair theorem of general relativity tells us that the only metric with the 
symmetries that we are requiring is the Schwarzschild metric [36]. (Note that the 
reflection symmetry implies that the black hole must be static, not just stationary.) 



The entanglement entropy and Wald entropy from Eq. (3.39) agree for any spherically 



symmetric metric, so there is no disagreement at 0(<9 6 ). 

Beyond leading order in the derivative expansion, it is plausible that the no-hair 
theorem generalizes to the statement that the unique perturbed solution remains 
spherically symmetric order by order in the derivative expansion. The intuition is 
that there are no "nearby" non-spherical solutions, so a perturbation cannot result in 



a non-spherical solution. (See Ref. 37 for a partial result along these lines.) If this is 



right, then the entanglement entropy and the Wald entropy from the term Eq. (3.39) 
agree to all orders in the derivative expansion. 

We can generalize this discussion to arbitrary D as follows. The most general 
spherically symmetric metric of our form can be written 



dsl = dr 2 + p 2 (r)d6 2 + x (r)dQ 



2 

D-2i 



where dfl 2 D _ 2 is the metric for the (D — 2) -dimensional sphere. We find that 



AS 



Wald 



AS mk = 2n /Av^f [(P (3) ) 2 -P (5) 



(3.43) 



(3.44) 



This means that, if no-hair theorems in higher dimensions guarantee that the solu- 
tions are spherically symmetric, the Wald entropy and entanglement entropy from 



Eq. (3.39) agree for any D. (The theorem that static black holes are spherically 
symmetric in Einstein gravity in D > 4 is proved in Ref. [38].) We also note that a 
general argument that entanglement entropy and Wald entropy agree for spherically 



symmetric metrics has been given in Ref. 39 . 



3.5 Gravitational Fluctuations 
An important limitation of the results above is that they do not hold for fluctuations 



of gravity itself. The problem is that the regulated metric Eq. (3.1) does not satisfy 
the vacuum Einstein equations; therefore, the action for the metric fluctuations is 
not well-defined. We can think of the unperturbed metric as the solution of the 
Einstein equations with a nontrivial stress-energy tensor. Consistently extending this 
to include fluctuations of gravity requires that the stress-energy tensor be covariantly 
conserved including the effects of these fluctuations. If it is not, then we cannot 
decouple the unphysical polarizations of the metric fluctuations. 
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If we want to extend the analysis above to gravitational fluctuations, then we 
need the covariant conservation of the stress-energy tensor to all orders in the metric 
fluctuations. The only known way of satisfying this is for the stress-energy tensor 
to be associated with a dynamical theory coupled to gravity. The conical singularity 
can be induced by a codimension-2 brane at r = 0; however, this object has massless 
fluctuations, so it is not a purely UV modification of the theory. It may be that these 
can be decoupled in the limit e — > 0, but this analysis is beyond the scope of this 
paper. 

It is difficult to avoid even more unwanted massless modes when we attempt to 
regulate the conical singularity. To illustrate the problem, we follow the approach 



of Ref. 40 . We want to obtain a metric of the form Eq. (3.1) from a theory with 



a dynamical codimension-1 brane near the origin. The stress-energy tensor on the 
brane must be different in the 9 (compact) directions and the y % directions, which 
requires additional degrees of freedom beyond the brane fluctuations. In Ref. [40] this 
was done by introducing an "axion" on the brane, a massless scalar with a periodic 
target space. This, however, introduces an additional massless degree of freedom, 
which we must avoid since we are trying to modify the theory in the UV. We can 
attempt to replace the axion with a massive scalar field with a periodic potential. 
We can then find nontrivial solutions in which the scalar field wraps the brane in 
the 9 direction, but these solutions will not be invariant under rotations in 9. This 
regulator therefore breaks the 9 translation invariance at the origin, which gives rise 
to additional complications. 



4 Conclusions 



In this paper we have shown that entanglement entropy has a geometrical definition 
for a class of quantum states defined by a path integral in a spacetime with a boost 
symmetry about the entangling surface. For this class of quantum states, the UV 
divergences in the entanglement entropy are in one-to-one correspondence with the 
UV divergences in the gravitational effective action, and renormalizing this effective 
action gives a renormalized entanglement entropy. The leading term for large en- 
tangling surfaces is given by the Bekenstein-Hawking formula |MjP~ 2 Ad_2- These 
results hold for a general quantum field theory coupled to gravity in any spacetime 
dimension and to all orders in perturbation theory. We also show that the subleading 
UV-divergent terms in the entanglement entropy depend nontrivially on the quantum 
state, while the leading term is independent of the state. 

We argue that the renormalized entanglement entropy defined by the renormalized 
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effective action for gravity is the physical entanglement entropy. The counterterms 
parameterize the contribution to the entanglement entropy from modes above the 
cutoff. This interpretation removes many of the objections to the identification of 
entanglement entropy with black hole entropy. 

We compared our results for entanglement entropy with the Wald entropy formula 
for black holes in theories with higher derivative terms in the gravitational effective 
action. We argue that the comparison is physically meaningful only when higher order 
terms in the gravitational effective action are treated perturbatively in a derivative 
expansion. We found that the 0(d 6 ) contribution to the entanglement entropy from a 
gravitational interaction (V pRupar) 2 agrees with the Wald entropy formula, but only 
if we invoke the no-hair theorem. The agreement requires only that the solution be 
spherically symmetric, and it is plausible that this is guaranteed by no-hair theorems 
order by order in the derivative expansion. 

There are several important limitations of the results of this paper. They do 
not apply to quantum fluctuations of gravity itself since in that case we do not 
have a regulator of the conical singularity that preserves general covariance and does 
not introduce unwanted massless degrees of freedom. Another limitation is the one 
already mentioned: our results have been demonstrated only for a special class of 
quantum states. This class does not include many quantum states of interest, for 
example, vacuum states in flat spacetime with a nontrivial entangling surface. Both 
of these limitations are related to the problem of finding a geometrical formulation of 
entanglement entropy for general spacetimes. We believe it is a very interesting open 
problem to understand the renormalization of the entanglement entropy in general 
gravitational backgrounds including fluctuations of gravity. 

We believe that it is highly plausible that the restriction to metrics with a boost 
invariance about the entangling surface can be removed by a generalization of the 
present analysis. The entanglement entropy for quantum states defined by a path 
integral in a general spacetime is a completely geometrical object, so it is natural 
to expect that it can be renormalized by adding counterterms to the gravitational 
effective action. In particular, the UV-divergent terms in the entanglement entropy 
are local to the entangling surface, and any such surface and the surrounding geometry 
are locally flat. We can therefore introduce curvature perturbatively, and it seems 
reasonable that an analysis of these perturbations will not destroy the structure we 
have found in the symmetric case. We leave investigation of this question to future 
work. 
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